Potential and limits of superlattice multipliers coupled to different input power sources," Abstract. A theoretical study is presented to assess the performance of semiconductor superlattice (SL) multipliers as a function of the currently available input power sources. The prime devices that are considered as input power sources are Impatt diodes, InP Gunn devices, SL electron devices, and backward wave oscillator sources. These sources have been successfully designed to deliver input radiation frequencies in the range from 0.1 to 0.5 THz. We discuss the harmonic power generation of both odd and even harmonics by implementing an ansatz solution stemmed from a hybrid approach combining nonequilibrium Green's functions and the Boltzmann kinetic equation.
Introduction
The development of frequency multipliers based on the semiconductor superlattices (SSLs) contributes toward the development of efficient devices, which can generate high-frequency (HF) radiation at gigahertz (GHz) and terahertz (THz) frequencies. [1] [2] [3] [4] [5] [6] [7] [8] Typically, the spectral region below 0.1 THz is covered by devices, such as Schottky diode multipliers, 9 InP Gunn sources and oscillators, 10, 11 Impatt diodes, 11, 12 and superlattice electron devices (SLED) 13 that all rely on electron transport. In particular, SLED has attracted much attention because it can operate as an efficient millimeter-wave oscillator utilizing the underlying physical processes of Bloch oscillations and domain formations, 3 which are involved in miniband transport delivering high power output in the 240 to 320 GHz range. 13 On the other hand, devices based on optical transitions 1 are used in order to generate terahertz radiation, which is extended beyond the midinfrared region. 14 SSL multipliers are in the core of the scientific interest due to their electro-optical properties, which can be tuned to cover both the GHz and THz range. 2, 3 Several important questions regarding the design of efficient SL multipliers remain or they are only partially addressed. For instance, SSL multipliers have been systematically used in combination with other electron devices which functioning as input radiation sources. 2, 5 Thus, the multiplier devices are subjected to limitations due to the coupling architecture and the waveguide structures responsible for the coupling of the input oscillating field into the SSL sample. 5 Other issues are the physical origin of high harmonic generation (HHG) and the exact physical mechanisms that contribute to the HF nonlinearity of the SL devices. The essential idea in such kind of devices is that a sufficiently strong oscillating field couples energy into the material system, which in turn is converted to radiation of odd or even order harmonics of the oscillating frequency due to SSL nonlinearities. 2, [5] [6] [7] [8] In particular, the ac-driven electrons in the SL can display the relevance of the highly nonparabolic miniband dispersion at the band edges by revealing a regime of optical properties, 15 which would otherwise be hindered by relaxation processes in conventional bulk semiconductors. Similarly, the nonperturbative HHG in bulk solids originates partially from intraband contributions to the nonlinear current due to nonparabolic band dispersions. 16 Another possible mechanism for HHG stems from interband excitations due to induced polarization between valence and conductions bands enhanced many-body effects. 17 Furthermore, THz emission arising from Bloch oscillations in a narrow-miniband SSL in the presence of excitonic effects was discussed in Ref. 18 . The theory describing the coherent response of a SSL in combined static and THz along-axis electric fields with the inclusion of excitonic effects was presented in Ref. 19 .
At this point, worth noting is that nonlinear optical effects in semiconductors have been discussed thoroughly in the near-infrared and visible spectra, using different versions of semiconductor Bloch equations and nonequilibrium Green's function (NEGF) methods for both interband [20] [21] [22] [23] [24] [25] [26] [27] [28] and intersub-band cases, [29] [30] [31] [32] [33] [34] [35] [36] where the optical response is due to transitions between well-defined sub-bands in both quantum wells, SSLs, and quantum cascade devices. Here, in contrast, we exploit rather different concept and mechanism, in which the current within a single SSL miniband gives rise to the optical response and nonlinear effects by means of frequency multiplication in SSLs. We consider the potential performance at room temperature for different high power input radiation sources, which have been the subject of recent experimental studies 2,10-13 and stable material systems that their design relies on commercially available engineering components. 37 
Theoretical Method
The miniband electron transport is described by a hybrid model that combines the Boltzmann equation in a relaxation rate-type approximation with input calculated by the NEGF approach. 2, 3 This will be the basis for discussing the response of the SL subjected to an electric field EðtÞ ¼ E dc þ E ac cosð2πνtÞ. Here, ν is the alternating field frequency, E ac is the amplitude of the ac field, and E dc is the static field, which correspond to a constant voltage over the SSL with lattice period d. In the case of this oscillating field, EðtÞ, one can determine periodic solutions of the general current response, which reads E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 1 ; 1 1 6 ; 4 0 5
where j dc is the dc current, j c l , j s l are the spectral components, and J p is the Bessel function of the first kind and order p. 2, 5 The parameter U ¼ u þ phν, where u ¼ eE dc d represents energy drop per period that electron experiences and α ¼ eE ac d∕hν denotes the control parameter for the conversion of oscillating field into higher harmonics of even and odd order. In Ref. 5, the current response jðtÞ was calculated using the same formalism [see Eq. (1)] and accurately compared to experimental data for different input frequencies and power delivered only by a BWO. Thus, this approach allows us to investigate in detail the possibility of integrating SSL multipliers with other input sources to achieve realistic GHz-THz devices. The underlying assumption of the relaxation rate approximation 3 provides a compact way of representing functions Y and K as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 2 ; 1 1 6 ; 1 4 7 YðUÞ ¼ 2j 0 U∕Γ 1 þ ðU∕ΓÞ 2 ;
KðUÞ
where E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 3 ; 1 1 6 ; 9 1 j 0 ¼ e
where Γ and j 0 are the scattering rate and the peak current, respectively, k x is the projection of the quasimomentum on the z axis (principal growth direction of the SL), k ¼ ðk x ; k y Þ denotes the quasimomentum in the x − y plane and n F ðk; k z Þ is the Fermi distribution. Note that k z is integrated over the Brillouin zone and the integration limits for k y and k x are ∓∞. The power emitted can be determined by the harmonic currents j c l , j s l , which allow the calculation of the averaged Poynting vector. 5, 38 Therefore, we obtain that the output power of a tight-binding SL multiplier under the influence electric field is E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 4 ; 1 1 6 ; 6 4 9 P l ðα; vÞ ¼ Aμ 0 cL 2 8n r I l ðα; vÞ;
where I 2 l ðvÞ ¼ ðj c l Þ 2 þ ðj s l Þ 2 , n r is the refractive index of the SL sample, A is the contact area of the device converting current density into current, μ 0 is the permeability in the free space, c is the speed of light in the free space, and L is the effective path through the crystal. In this work, to determine the generated power, we chose the parameters of a realistic GaAs/AlGaAs SSL, 5 
(GaAs), and the relaxation time τ ¼ ℏ∕Γ ¼ 31 fs. The parameters extracted directly from NEGF calculations 2 for a symmetric SL structure and used in the relaxation rate-type approximation for the Boltzmann equation were Γ ¼ 21 meV and j 0 ¼ 2.14 × 10 9 A∕m 2 .
A previous study has shown that frequency multiplication effects in a voltage-biased SL are pronounced when Bragg oscillating electrons directly interact with the input electromagnetic field. 8 Enhancement on the generated power was attributed to the frequency modulation of Bloch oscillations, which are triggered under negative differential conductivity (NDC) conditions. Let us underline here that in the present study, we consider a plain harmonic field (E ac cos 2πνt) and thus Bragg reflections from the minizone boundaries are not related to a specific oscillation period (ν B ¼ eE dc d∕h) as in the case of the static field. On the contrary, these reflections result in frequency modulation of the electron oscillations during a time-period (T ¼ 1∕ν) determined strictly by the frequency of the oscillating field. The terminology employed in previous works 39 to described this type of oscillations was Bloch oscillations in a harmonic field (BOHF). The question that arises is what is the exact condition for the development of Bloch oscillations in a harmonic field. In this case, the onset of these phase-modulated Bloch oscillations is determined by the criterion α > α c , where α c ¼ U c ∕hν and U c ¼ Γ. Therefore, a strong ac-field brings the SL to an active state, i.e., the NDC region of the current-voltage characteristic. Note that this criterion (α > α c ) NDC works most efficiently in the presence of low-frequency electric field hν Γ ≪ 1 and under the condition ð ℏ Γ ÞdEðtÞ dt ≪ U c 39 so that the current density follows almost adiabatically the temporal value of the electric field according to Eq. (2). For the input power sources considered in the present work, the condition hν Γ < 1 is predominately satisfied. For instance, the InP Gunn devices can generate an oscillating field with maximum frequency (ν ¼ 479 GHz, see Table 1 ), which satisfies the aforementioned condition ( hν Γ ∼ 0.0943). The SSL NDC state might be accompanied by additional nonlinearities in the form of highfield domains 7 similar to NDC states of other bulk materials. 40 The generation of harmonics in SSLs due to the periodic formation and annihilation of electric domains has been studied both experimentally 7, 13 and theoretically. 7 The basic principle behind these effects is that during each half-period of the field, a domain is created when the absolute value of the instant field strength exceeds E c ¼ Γ∕ðedÞ and suppressed when it becomes smaller than E c . 7 The successive creation and annihilation of domains contribute to a HF current, which is the source of the high-harmonics radiation. Furthermore, the time characterizing the growth and collapse of space-charge domains in SLs might not only be determined by the intraminiband relaxation rate Γ but also by the dielectric relaxation rate Γ diel ¼ 4πσ dc ∕ϵϵ 0 , where ϵ is the relative permittivity and ϵ 0 is the permittivity of the vacuum and σ dc ðE dc Þ ¼ dj dc dE dc ¼ ðσ 0 ∕2j 0 Þ ∂YðuÞ ∂u is the dc differential conductivity. 41 Using a similar treatment as in the natural bulk semiconductors, 42 one can assume that the characteristic time-domain formation Γ dom is the smaller rate between Γ diel and Γ, i.e., Γ dom ¼ minfΓ; Γ diel g. 41 Taking into consideration Eq. (2), the dielectric relaxation rate takes
is the miniband plasma frequency. 43 The dc-conductivity takes its minimum value min½σ dc ðuÞ ¼
, where σ 0 ¼ 2j 0 ed∕Γ is the Drude conductivity and, therefore, the dielectric relaxation rate is Γ diel ∼ 4.5 meV > Γ for the SSL structure considered here. Choosing a heavily doped SL with a very wide miniband, similar to the parameters used in our calculations, results in an increase of Γ diel and plasma effects playing a minimal role in exciting the electrons in the NDC state.
We conclude this section by underlying that in the present study, we assume that the distribution of electrons is approximately homogeneous and, therefore, the local electric field-current density relation is identical with the global voltage-current (V-I) characteristic [see Eqs.
(1)- (3)]. Thus, the radiation of HF fields at odd harmonics of the ac-field stems from the nonlinearity of the voltage-current characteristic and the phase-modulated Bloch oscillations.
Numerical Results and Discussion
After obtaining a satisfactory model for analysis of the general current response, the next logical step is to estimate the response of the SSL multiplier for different power inputs. Before we proceed, it is worth noting that here we use direct applications of our equations for optimized solutions, but, in future research, we plan to use more advanced optimization methods [44] [45] [46] for integrated sources and multipliers. Table 1 shows the magnitude of the output power of sources with optimized frequency, which allows them to be used together with multipliers to reach frequencies in the far terahertz spectral range. Note that all simulations presented here are without a static bias, i.e., u ¼ eE dc d ¼ 0.
The list of sources given in Table 1 combines research devices, which have attracted recent attention 2,10-13 with commercially available generators. 37 We note, however, that one of the Fig. 1 Third harmonic output powers from SSL multipliers for different input sources: black circle (Impatt diodes), blue square (SLED devices), red triangle (InP Gunn devices), and multiplication mark (BWO sources) over the frequency range 300 to 1600 GHz. The input field power in each case corresponds to the power generated by the devices given in Table 1 . possible limitations to achieving high power in SSL structures is associated with the whole coupling setup between the multipliers and the GHz input sources. Therefore, possible losses arise due to impedance mismatch between the SL element and the external waveguide system. 5, 8 Figure 1 outlines the calculations for the third harmonics, which can be extracted from a SSL multiplier after the excitation with input power delivered by the input sources of Table 1 . The highest third-harmonic frequency is 1437 GHz with an output power of ∼1.45 μW. This harmonic power output can be generated from a SL in combination with a InP Gunn device, which operates as an input source. 10 An improved performance of 5.7 μw at 1236 GHz is expected for a SSL multiplier, assuming an InP-based input source with 330 μW. 11 The output power of 6.8 μW at 749 GHz constitutes the strongest response considering the integration with an SLED oscillator operating in the fundamental mode. 13 The SSL multipliers of Fig. 1 were also numerically investigated for their power output, which can potentially be obtained for the fifth harmonic component. Again, the harmonic power extraction [see Eq. (4)] from a SL multiplier under the influence of an oscillating field with the frequency of 156.5 GHz, which is generated by a SLED 13 source exceeds the ones produced by the other input sources (see Fig. 2 ). Note that output powers tend to decrease significantly when a SSL multiplier is pumped with a higher RF output power from the SLED oscillator. The powers that may be detected at the seventh-harmonic frequency drop significantly compared with the lower-order Fig. 2 Fifth harmonic output powers from SSL multipliers for different input sources: black circle (Impatt diodes), blue square (SLED devices), red triangle (InP Gunn devices), and multiplication mark (BWO sources) over the frequency range 500 to 2400 GHz. The input field power in each case corresponds to the power generated by the devices given in Table 1 . Fig. 3 Seventh harmonic output powers from SSL multipliers for different input sources: black circle (Impatt diodes), blue square (SLED devices), red triangle (InP Gunn devices), and multiplication mark (BWO sources) over the frequency range 700 to 3000 GHz. The input field power in each case corresponds to the power generated by the devices given in Table 1 .
responses, as shown in Fig. 3 . However, with an Impatt input source 37 operating at 290 GHz at 10 mW, the SSL frequency multiplier can generate a seventh-harmonic with magnitude similar to the fifth or third harmonics. In addition, this reported output power becomes comparable with the seventh harmonic of a SL multiplier integrated with SLED oscillators. The latter frequency multiplier system can exceed the output power of 1.312 μW at 785.2 GHz.
Note that a SSL characterized by perfectly antisymmetric current flow, when irradiated by an ac-field can only spontaneously generate odd harmonics. However, as demonstrated in Sec. 5, the comparison of SSL multiplier's performance for different input sources is feasible for even harmonics by considering imperfections in the structure, which lead to asymmetric current flow. Figures 4 and 5 complement Figs. 2 and 3 by demonstrating the conversion of the input oscillating field as a function of the parameter α to the fifth and seventh harmonic, respectively. Evidently, the maximum power output of the fifth and seventh harmonic is significantly smaller than the magnitude of the third order harmonic [see Fig. 3 ]. In addition, we expect that the maximum harmonic signals (fifth and seventh harmonics) require remarkably larger α in comparison to the third harmonic and therefore input devices delivering higher input power. Fig. 4 Fifth harmonic power output as a function of α ¼ eE ac d ∕hv for SSL multipliers, which convert input fields with different oscillating frequencies. The input frequencies v ¼ 130, 156.5, 290, and 412 GHz correspond to the green, blue, black, and red curves, following the color convention used for each device. The symbols denote the maximum output depicted in Fig. 2 for each input source separately, namely black circle (Impatt diodes), blue square (SLED devices), red triangle (InP Gunn devices), and multiplication mark (BWO sources).
Fig. 5
Seventh harmonic power output as a function of α ¼ eE ac d ∕hv for SSL multipliers, which convert input fields with different oscillating frequencies. The input frequencies v ¼ 140, 145. 3, 193 , and 290 GHz correspond to green, blue, black, and red curves, following the color convention used for each device. The symbols denote the maximum output depicted in Fig. 3 for each input source separately, namely black circle (Impatt diodes), blue square (SLED devices), red triangle (InP Gunn devices), and multiplication mark (BWO sources).
In Figs. 4 and 5, we have added the calculations of the largest harmonic outputs for the input power sources summarized in Table 1 . For instance, Fig. 4 shows that the maximum output of the fifth-harmonic at 650 GHz is not only achievable for a SLED input source but also if a BWO could provide certain power (∼4.2 mW) to the SSL multiplier. This further confirms the potential of integrating SLED devices with SSL multipliers. Our study is limited by the available working frequency range of the power sources. Further performance improvements are anticipated if the input sources such as Impatt diodes 11, 12 or InP Gunn devices 11, 13 are designed to generate an optimal output rf power. Note that by increasing α, the output power increases approximately up to 7 μW just after α surpasses α c . We can observe that the power output of a SL multiplier excited by a SLED 13 oscillator operating at frequency of 249.6 GHz is very close to the maximum possible value, which can be obtained for the third-harmonic radiation, as depicted in Fig 6. Therefore, in order to benefit from the maximum harmonic response of a SL multiplier, the input sources should deliver a power, which follows the behavior of P l ðα; vÞ. Otherwise, a larger input power could result in a significantly reduced performance of the frequency multiplier even for an oscillating field with similar frequency.
The performance depends on the input power (measured by α) in a complex way, BWOs are useful to use in fundamental studies due to their tunability, 2,5 but they are large and expensive. Furthermore, the output is clearly maximized by SLEDs, InP Gunn devices, and Impatt diodes, which are compact sources that can be more easily combined with SSL multipliers to deliver optimized room temperature sources for the 0.3 to 2.0 THz range.
Conclusion
In conclusion, the theoretical results reported in this paper confirm the unique potential of SL multipliers, which enables upconversion to sub-THz and THz frequency ranges. Enhanced performance is expected when the output radiation generated by the input source is efficiently coupled into the SL multiplier by reducing losses in waveguide structures. The combination of SLEDS 13 and SL multipliers shows advantages in the efficiency of harmonic generation providing measurable power up to 7 μW at around 1 THz, operating at room temperature.
Appendix: Even-Order Responses of the SSL Multipliers
In the main part of the text (see Sec. 3), we discussed the odd-order responses, which are generated after the SL multiplier gets excited by an input field having different magnitudes and frequencies. The parameters of the oscillating field were chosen in such a way to comply with Fig. 6 Third harmonic power output as a function of α ¼ eE ac d∕hv for SSL multipliers, which convert input fields with different oscillating frequencies. The input frequencies v ¼ 130, 249.6, 290, and 412 GHz correspond to the green, blue, black, and red curves, following the color convention used for each device. The symbols denote the maximum output depicted in Fig. 1 for each input source separately, namely black circle (Impatt diodes), blue square (SLED devices), red triangle (InP Gunn devices), and multiplication mark (BWO sources).
the available input power sources (see Table 1 ). Recently, though, it was shown that spontaneous frequency multiplication effects are feasible for even harmonics in a SSL multiplier. 2 Conventionally, generation of even harmonics can take place only in a biased SSL or due to parametric effects. 3, 47 However, by considering the influence of the asymmetry in current flow induced by interface roughness scattering, even harmonic generation can emerge. 2, 5, 38 The V − I characteristics described by Eq. (1) then should be modified according to E Q -T A R G E T ; t e m p : i n t r a l i n k -; s e c 5 ; 1 1 6 ; 4 3
This ansatz solution describes accurately the asymmetry in current-voltage curve by associating the parameters j þ 0 , j − 0 (peak current density) with the critical energies U þ c ¼ Γ þ and U þ c ¼ Γ þ , respectively. The above parameters were extracted by exact NEGF calculations, and they are in reasonable agreement with experimental measurements. 2 To estimate the power output of even harmonics, we use the parameters Γ þ , Γ − ¼ 21, 20 meV and j þ 0 , j − 0 ¼ 2.14, 1.94 × 10 9 A∕m 2 , as in Refs. 2 and 5. Figure 7 depicts estimations for the second and fourth harmonics, which can be extracted from an SSL multiplier after the illumination. We can see that second-harmonic responses behave significantly different than the odd responses we discussed in Sec. 3. Here, the harmonic output from a SL in combination with BWO devices 5 systematically exceeds the other coupling setups for discussions of lower-frequency modes. In particular, we expect a performance of 16 nW at 260 GHz, by considering a BWO input source with 61-μW power input. At the same time, it should be underscored that a HF second harmonic with enhanced power output (∼22 nW) can be generated by utilizing a SLED input source 13 operating at 317 GHz. Now, considering the quadruple effects, we note the output power of 4.15 nW at 824 GHz, given an InP Gunn device, 10 which couples an input oscillating field within the SL with frequency 412 GHz and corresponding input power 330 mW. The conversion efficiency of even harmonics for an unbiased SL multiplier is far weaker from the performance of other available material systems. 9 Nevertheless, as has been discussed recently, 38 the optimization of the asymmetric effects in a heterostructure semiconductor, i.e., a systematic interface roughness design, can lead to significant enhancement of even harmonic output power. Fig. 7 (a) Second-harmonic output powers from SSL multipliers for different input over the frequency range 200 to 900 GHz. (b) Fourth harmonic output powers from SSL multipliers for different input sources over the frequency range 400 to 1700 GHz. The input field power in each case corresponds to the power generated by the devices given in Table 1 . The symbol convention in both plots is black circle (Impatt diodes), blue square (SLED devices), red triangle (InP Gunn devices), and multiplication mark (BWO sources).
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